Dynamic Information Fusion with the Integration of
Local Observers, Value of Information, and
Active-Passive Consensus Filters

Dzung Tran*, Tansel Yucelen!, and Sarangapani Jagannathan?

This paper proposes a dynamic information fusion framework for sensor networks with
the integration of local observers, value of information, and active-passive consensus filters
as well as a layer to monitor the validity of information. Specifically, we consider a process of
interest consisting of multiple subprocesses (for example, multiple targets to be monitored).
The heterogeneity in the sensor networks is considered and handled in many aspects such
as nodes are allowed to have different sensing capabilities, different information node roles
(active and/or passive; that is, a node can be subject to observations of the process or to
no observation), and different weights on information (value of information). In addition,
the information validity monitor layer allows operators to evaluate the reliability of the
fused information based on the local feedbacks received from the sensor network. Several
illustrative numerical examples are also presented to illustrate the efficacy and discuss the
practical aspects of the proposed dynamic information fusion framework.

I. Introduction

With the remarkable technological developments in the past two decades, advanced devices such as
autonomous mobile robots, and sensors have become affordable to deploy in a large quantities. This also
leads to a need in the development of advanced algorithms to gather and integrate information as well as
to control such multiagent systems. In particular, dynamic information fusion in sensor networks plays an
important roles in a wide array of applications for both scientific, civilian and military purposes. One of
the main challenges in dynamic information fusion is the heterogeneity of sensor networks. The sources
of this heterogeneity include the differences in sensor modalities, the quality of sensing information (value
of information), and the information roles of nodes (active and passive; that is, a node can be subject to
observations of the process or to no observation), to name but a few examples.

While information roles of nodes and active-passive consensus filter are recently investigated in Refs.

1-5 and references therein, these results often consider scalar integrator dynamics and/or lack a complete
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structure to process the local information before the fusion such as utilizing local observers to extract more
information and assigning weights on information. Although the distributed algorithms in Refs. 6 and 7
consider the differences in sensor modalities, the information roles of nodes in these results are not explicitly
discussed. Several works such as Refs. 8-10 consider the value of information, yet information roles of nodes
and/or heterogeneous modalities are not considered. Nonetheless, the aforementioned works do not have a
direct architecture to quantify and evaluate the quality of fused information of sensor networks in real-time.

The contribution of this paper is to propose a dynamic information fusion framework for sensor networks
with the integration of local observers, value of information, and active-passive consensus filters as well as
a layer to monitor the validity of information; see Figure 1. Specifically, we consider a process of interest
consists of multiple subprocesses (e.g, multiple targets to be monitored). The heterogeneity in the sensor
networks is considered and handled in many aspects such as nodes are allowed to have different sensing
capabilities, different information node roles (active and passive), and different weights on information (value
of information). In addition, the information validity monitor layer allows operators to evaluate the reliability
of the fused information based on the local feedbacks received from the sensor network. Several illustrative
numerical examples are also presented to illustrate the efficacy and discuss the practical aspects of the

proposed dynamic information fusion framework.

Information from neighboring nodes
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Figure 1. The dynamic information fusion framework of an individual node with the integration of a local
observer, value of information, active-passive consensus filter, and information validity monitor layer.

The organization of this paper is as follows. In Section II, we present the setup of the process, the sensor
network, the structure of the local observers, and the value of information. In Section III, the active-passive
consensus filter with fixed information node roles is introduced and analyzed, as an intermediate result.
The main result of this paper is then presented in Section IV, which is a practical extension of the result
of Section IIT to the time-varying case. The information validity monitor layer is presented in Section V
and illustrative numerical examples together with some discussions are provided in Section VI. Finally,
concluding remarks are summarized in Section VII. For readers, we refer to Appendix A for the notations,

mathematical preliminaries, and necessary lemmas for the results of this paper.
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II. Problem Setup

A. Considered Process and the Sensor Network

Consider a large-scale process of interest with the dynamics given by
5= Az(t), 2(0) = 2, (1)
where z(t) € R™ denotes the unmeasurable process state vector,
A = block-diag(A, Aa, ..., Ay) € R™X™, (2)

is the system matrix with A, € R™ > for h =1,2,...,m and nj, < n,y ., ny = n. While (1) adopts a
simple structure in order to allow us to directly focus on the overarching contribution of this paper (i.e., a
new dynamic information fusion framework), it can represent linear or linearized, controlled or uncontrolled
process dynamics. Note that the contribution of this paper can be readily extended to the cases, where (1)
include measurement noise and/or uncertainties resulting from modeling efforts. Furthermore, the block-
diagonal structure of the system matrix A indicates that the process can be decomposed into m subprocesses.
An example of such a process is independent multiple targets that need to be monitored on an observation
field, which presents the overarching application focus of this paper.

Next, consider a sensor network with N nodes exchanging information among each other using their local
measurements through a connected, undirected graph G. If a node ¢, ¢ = 1,..., N has no observations, then
we say that it is a “passive node”. On the other hand, if a node 4, i = 1,..., N is subject to observations of

process (1) given by

yi(t) = 9C;2(t), (3)

where y;(t) € RP denotes the measurable process output for node i, i = 1,..., N, and 9C; € RP*™ denotes
the system output matrix with g is the sensor’s category defined below, then we say that node i is an “active

node”.

Remark 1. Here, we consider that the sensors can have different sensing capabilities and can be cate-
gorized into multiple categories. We define a Category I sensor as 1C; = |o ... iC; ... 0| such
that 7C; € RP*™ qand the pair (Aj,jé'i) is detectable, where j € Z, denotes the corresponding subpro-
cess that node i can sense, and j € [1,m] (e.g., a Category I sensor can observe a specific subprocess).
Next, we define a Category II sensor as a combination of two or more Category I sensors, for example,
o, = lo ... ic, ... kG, ... ()} such that 1C; € RP*"i kG, € RPX™ qnd the pairs (A;,7C;),
(Ag,*C;) are detectable, where j,k € Zy and j, k € [1,m] (e.g., a Category II sensor can simultaneously
observe several subprocesses). We also define a Category III sensor as a generalized sensor that does not pos-
sess a detectable pair (or an observable pair), for example, "11C; = | ... jg; ... kg ... 0|, where
igi, ke, € R, j,k € Zy and j,k € [1,n] (e.g, a Category III sensor can observe a state of a subprocess or

several states of several subprocesses). A sensor’s category is not necessarily limited to the ones that we
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introduce above but can be extended to the miztures of those categories as well.

B. Local Observers and the Value of Information Matrix

We first introduce here the construction of local observers based on the local measurements y;(t). Depending
on the sensor’s category, the value of information matrix is then constructed. Because of the diagonal
structure of the system matrix A, we can construct the local observer vector z;(t) € R™ for the process based
on the type and capability of each active node i. Specifically, if the sensor is in either Category I or II, a

subprocess state can be estimated by the local (Luenberger) observer given by

$i(t) = Apsi(t) + " Li(yi(t) — "Cisi(t)), 5:(0) = sio, 4)

where h is an index of a corresponding subprocess of A that node 7 can observe, s; € R is the local state
estimate of a subprocess Ay, "C; is the output matrix corresponding to states observed by node i on the
subprocess Ay, and "L; € R™*P is the corresponding local observer gain for node i. From this point, the
local observer of node i, z;(t) € R™ can be constructed, for example z;(t) £ [0 T () 0} T, where
the position of s;(t) is corresponding to the state of the subprocess Ay, in z(t). If the sensor is in Category
ITI, there is no theoretical need for a local observer. Therefore, z;(t) can be constructed directly from y;(t)
as zi(t) £ [0 oot o0 T, where the position of y;(t) elements are corresponding to the substate
of z(t) that node i can sense.

Based on the sensor’s type and capability, in addition, the value of information matrix has a natural

diagonal structure in the form given by

M; £ diag(m;) € R™™, ()

N T
where m; = [m“ mio ... mi,| €R"fori=1,2,...,N and m; are nonnegative scalar weights with
r=1,2,...,n. A substate of z;(t) is called “valid” when its weight is positive. Conversely, a substate of

z;(t) is called “invalid” when its weight is 0. Under certain circumstances (e.g., see Ref. 8 and references
therein), a sensor can be subject to some observations, yet the information may not be reliable (and so
its substates are set to be invalid). We also assume that z;(¢) and Z;(¢) are bounded. Considering the
multivehicle application focus of this paper as the process to be monitored, this assumption generally holds,
because the vehicles’ properties such as positions and velocities are bounded, on the observation field. After
z;(t) and the value of information matrix M; are constructed, they are then passed to the active-passive
consensus filter for information fusion and to the information validity monitor layer for evaluation of the
quality of fused information as illustrated in Figure 1.

For the purpose of establishing an intermediate result, Section III next presents the active-passive con-
sensus filter for the case where the active-passive roles of nodes are fixed for each node and assume the
local estimation z;(t) is constant. We then introduce the main result of this paper by extending the result
of Section III to the actual practical case, where both the active-passive role of each node and z;(t) are

time-varying in Section IV.
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III. Active-Passive Consensus Filters with Fixed Information Node Roles

A. Proposed Architecture

The active-passive consensus filter aims to drive substates of each node to the average of all valid active
corresponding substates (i.e, an agent needs to be active and its corresponding substates need to have
positive weights) of the vectors of the local observers z;(¢t), i = 1,2,..., N. Specifically, in this section, we
assume that the active-passive role of each node is fixed and the vectors of the local observers z;(t) = z;,
i=1,2,..., N, are constants for the sake of establishing an intermediate result for the following sections of

this paper. Mathematically speaking, we consider the proposed active-passive consensus filter given by

ii(t) = -« Z(xi(t) —z;(t)) + Z(&(t) =& (1) — akiM;(xi(t) — ), 2i(0) = @jo, (6)
&Gt) = —v Z(xi(t) —x;(t)), &(0) = &o, (7)

where z;(t) € R, §(t) € R™, z; € R™ denote the state, the integral action, and the local observer vector of
node i, 7 =1,..., N, respectively. Here, M; is the value of information matrix defined in (5) and o,y € Ry
are constant gains. Under the assumption that the information node roles are fixed, k; = 1 for active nodes

and k; = 0 for passive nodes.

Remark 2. We introduce a similar active-passive consensus filter in Ref. 8; however, our previous result
documented in that paper only considered scalar integrator dynamics. We next present the stability properties
of (6) and (7) having xz;(t) € R™ and & (t) € R™. In addition, we note that the stability results documented
in Ref. 8 can also be applied to each scalar element of (6) and (7) in parallel. Yet, the presented stability
properties of the next subsection is compact in the sense that we do not focus on scalar elements of (6) and
(7) but to their compact form; hence, from our standpoint, it is worth to include the following content to this

paper for completeness.

B. Stability Analysis
T T

Let o) 2 [T of@) ... o%0] . €0 2 |aw gw ... e, ad ¢ 2
[le 2L ... Z}\}}T The proposed algorithm (6) and (7) can be rewritten in the compact form given
by
i(t) = —a(l(9) @ L)z(t) +v(L(9) ® L)E(t) — aMa(t) + aM(
= —alz(t) +v(£(9) ® L,){(t) + aM(, z(0) = o, (8)
£t) = —y(L©G) @L)x(t), £0)=&, 9)
where
M 2 block-diag(ky My, ko My, ... kxMy) € RNV, (10)
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and F & (£(g) QL + M) € RN?xNn Gince M; for all i = 1,2,..., N are diagonal matrices, M is then a
diagonal matrix. Furthermore, since (£(G) ® I,,) and M are nonnegative definite, F is either nonnegative
definite or positive definite.

Note that a substate of z; is said to be valid if its weight in M; is positive. In addition, z; is active when
k; = 1. Since we are interested in driving substates of z;(¢) of each node to the average of all valid active

corresponding substates of local observer vectors z; , i =1,2,..., N in the network, define

1>

S 1y L )M(1y ®1,) € R™*"

kyMy + koMo + ...+ knMy, (11)

as the diagonal matrix with the total weight of valid active substates of z; on the diagonal. We now let

€2 STAL ®I,)M¢ eR” (12)
be the average of all valid active substates of local observer vectors z;, ¢ = 1,2,..., N in the network. Note
that since z;, 1 = 1,2,..., N are constant, ( and € are also constant in this case.

Remark 3. In this section, we do not assume collective observability (see, for example, Refs. 7, 11).
Collective observability can imply that at any moment there exists at least one node that is active and has
valid information for each substate of z;; hence, the matriz S has full rank and is invertible. Recall that S
is a diagonal matriz with each element on the diagonal is the total weight of the corresponding valid active
substate of local observer vectors z;. In addition, a substate of x;(t) and z;(t) are said to be completely passive
if there is no node in the network can observe or has a valid observation on that corresponding substate. In
other words, if the substate r is completely passive (that is, k;m; = 0 for all nodes i = 1,..., N where my, is
the r-th element on the diagonal of the matriz M;), then S has a row of zeros (the r-th row). A nice property
of the pseudo-inverse of a diagonal matriz is that each positive diagonal element is inversed, except zero
diagonal elements are still zeros. For example, if S = diag ( [a b 0] ), then ST = diag ( [a—l p—1 Q] )
for a,b € Ry. In the case if a substate of z; is completely passive, the corresponding substate of x;(t)
converges to average consensus and this happens only when an element on the diagonal of S is 0. This is

shown and discussed later in Remark 5 of Section III.C.

We now define the error 6(t) £ (z(t) — (1y ® €)) € R¥™ and taking its time derivative to obtain

5(t)

—aF(3(t) + (In @ €)) +7(L(G) ® Ln)E(t) + aM(
= —aFé(t)—aM(ly @¢€) +v(L(G) @ L,)E(t) + aM(
—aF(t) +v(L(G) ® 1,)E(t) — aMw, §(0) = do, (13)

where the third equality comes from the facts that F = (£(G) ® I, + M) and £(G)1y = Oy, and w =
(1y®e)—() € RN™. Next, define e(t) £ (£(t) — S(L7(G) @1, )Mw) € RN¥™ and take its time derivative as

é(t) = —(LG)@L,)(6(t)+ (1ny ®e))
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= (LG @1n)d(t), ¢(0) = eo. (14)
From (13), Lemma A.1, and the definition of e(t), one can write

§(t) = —aFé(t)+7(£(Q)®In)<e(t)+ (£+(g)®ln)Mw)—aMw

S
= —aF§(t) +v(LG) @ T)elt) + a((,c(g)z:+(g) ®1,) — INn)Mw
= —aF3(t) + /(L@ @ TL)e(t) + o (v = F1n1E) 1) = Tyn ) Mo
- ﬂwwn+wqm®hym+agmm4%hdm®Lg—mgmm
= —aFs(t) +7(£(9) ® L)e(t) — 1 (y ® L)1} & L)Mw, 6(0) = &, (1)

To further write (15) in a simpler form, we now introduce the following lemma.
Lemma 1. Let € be defined by (12), M be defined by (10), and w = ((1N ®e)— (). Then,
(1% ®L)Mw = 0. (16)
Proof. See the Appendix B.

Remark 4. Although, owing to the assumptions of this subsection, k;, , and € are constant, the result of

Lemma 1 is still valid for the case when k;(t), ((t), and e(t) are time-varying.

Under the result of Lemma 1, (15) can now be simplified as
5) = —aF6(t) +1(£G) @ To)e(t), 5(0) = do. (17)
The closed-loop error dynamics of the system given by (6) and (7) are

§(t) = —aFs(t) +~v(LG) @ 1y)et), 5(0) = do. (18)
—v(£(G) ® 1,)d(t), e(0) = eo. (19)

[+
—

~~
N

We are now ready to state the following result.

Theorem 1. Consider a sensor network with N nodes given by (6) and (7), where nodes exchange informa-
tion using local measurements under a connected, undirected graph G. Then, the closed loop error dynamics

(18) and (19) are Lyapunov stable and 0(t) converges to the null space of F.

Proof. Consider the Lyapunov function candidate given by
Lop L
V(d,e) = 55 0+ ze e (20)

Note that V(0,0) =0 and V(d,e) > 0 for all (4, e) # 0. The time derivative of (20) along the trajectories of
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(18) and (19) is given by

V(5(t),e(t) = —adT(t)Fs(t) + 8" ()(L(G) @ Tn)e(t) = veT () (L(G) ©1,)6(t)
= —adT(t)F(t) <0 (21)

Therefore, the closed-loop error dynamics (18) and (19) are Lyapunov stable. Because V(d(t),e(t)) is also
bounded for all ¢ > 0, it follows from Barbalat’s lemma (see Ref. 12) that lim,_ V(8(2), e(t)) = limy_ o0 (—

aéT(t)F(S(t)) = 0. Therefore, as t — oo,
ST F5(t) = 67 (P2 FY25(t) = (FV25(1)) " (FY/28(1)) = | (FV/26(1))]l2 — 0. (22)

Note that (22) indicates that d(t) converges to the null space of F'/2. Since F is a symmetric matrix,
it is always diagonalizable by an orthogonal matrix U € RN"*N7 guch that F = UAUT, where A €
RN"XN7 js the diagonal matrix with eigenvalues of F on the diagonal. As a result, F''/?2 = UAY2UT since
FY2FY2 = gANPUTUAN/2UT = UNUT = F. Therefore, (FY/%)T = (UAY2UT)T = (UT)TAY2UT =
UA'2UT = F'/2 thus F'/2 is also a symmetric matrix. Utilize the result of Lemma A.4 for F/2, we have
N (F'/2) = N(F). Hence, §(t) converges to the null space of F. [ ]

We now investigate the null space of F = (£(G) ®I,, + M) in the next subsection owing to the fact that

the above theorem shows that §(¢) converges to the null space of F.

C. Convergence Analysis

We first decompose the structure of F as

F = LG, +M
(Lol Liol, ... Linl, My, 0 -0
Lo1l, Lo, ... Laonl, N 0 koMoy - 0
_»CNlIn Ln21, ... LynI, 0 0 - knMpy
L1, + kM, L121, e Linl,
L1, Lo, oo LynL,+knMy

where £;; denotes the corresponding element at i-th row and j-th column of the Laplacian matrix £(G).
A

Recall that M; = diag(m;) is the value of information matrix of node i for i = 1,2,..., N, where m;
T
[mu Mmis ... m,| € R"™ and m. are nonnegative scalar weights with r = 1,2,... n. Therefore, M
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can be rewritten as
' T
M= dlag ({/ﬁmn oo ktmain ... kamat .. knmNn} ) . (24)

Next, there is a permutation matrix J € R¥"*N" that allows us to reorder §(t) as

11(t) d11(t)
Substate 1
01n(t) In1(t)
Jsty=J| | =1 : (25)
dn1(t) d1n(t)
: : Substate n
_5Nn(t)_ _5N’rb(t)_
where §;,-(t) indicates the error of substate r, r =1,2,...,n of node ¢, i = 1,2,..., N. Therefore,
JEJT = J(LG) @1 + IMIT
[ kimya ]
L:(g) kNle
= +
L(9) kimin
L kNmN7l i
[ L1+ kimy - Lin
L1 < Lny +hknma
L1y +kimy, - Lin
Ly < LN Fhkymyn] |
F
_ ’ (26)
F,
L1y +kimy - Lin
where F, £ : : for r =1,2,...,n. Note that, from, for example, Lemma
L1 o Lnn + Eymyy

2 in Ref. 13 or Lemma 3.3 in Ref. 14, if there exists at least one node i for ¢ = 1,2, ..., N such that k;m;,

is positive, F). is positive definite and N (F,) = 0. On the other hand, if a substate r is completely passive,
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then k;m; = 0 for all 4 as discussed in Remark 3. In this case, F,. = £(G), and hence, N (F,.) = N (L(G)) =
span(1y).
Let f(r) for r = 1,2,...,n be a function such that

0 if there exists at least one node 7 in the network
f(r) £ such that k;m;, is positive, (27)

1 otherwise.

We now can write

N(F,) = span(f(r)1y). (28)
Therefore,
Sy
N(JFJ') = span = span(v) = av, (29)
fln)ly

where a € R. Note that if each specific substate r has at least one positive scalar weight m;, for for some
i € Vg, then v is a zero vector. In all other cases, v € RV" is a non-zero vector.

Since J is invertible, rank(JFJT) = rank(JF) = rank(F). In addition, rank(JFJT) + def(JFJT) =
rank(JF) + def(JF) = rank(F) + def(F) = Nn. Therefore, def(JFJT) = def(JF) = def(F). As a result,
(JF)JT(av) = 0 also indicates that JT(av) is the null space of JF. It should be also noted that the
permutation matrix J satisfies JJT = JTJ = Iy,; hence, JTJFJT (av) = (JTF(JT (av)) = F(JT (av)) =

0. Consequently, JT (av) is the null space of F' and we can rewrite J ' (av) as

()]
: Node 1
f(n) f(1)
n&Jav)=| =a|ly® | : £ a(ly ® f). (30)
f() f(n)
Node N
Lf(n)]

Note that since F is a constant matrix, f € R” is also a constant vector in this case. In addition, Theorem

1 indicates that §(t) converges to a(1y ® f). Recall that by definition §(¢) £ z(t) — (1 ® €), and thus

lim (z(t) - (Iy ®e) —a(ly®@ f)) = 0, (31)

t—o0
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or equivalently,

lim (z(t) — (Iy ® (e+af)) = 0. (32)

t—o0

In general, (32) shows that under the proposed active-passive consensus filter given by (6) and (7) in sub-

section A, all nodes reach the consensus in substate-wise.

Remark 5. If a substate r, r = 1,2,...,n is completely passive, the corresponding substate of € takes a zero
value owing to a corresponding zero row in the matrix S as discussed in Remark 3, and f(r) =1 by (27).
As a result, (30) and (32) indicate that a completely passive substate r is under the average consensus and
finally converge to a consensus value. On the other hand, if there is at least one node i in the network that
is active and has valid information on a substate r, r = 1,2,...,n (i.e., there is at least one positive k;m;,
fori=1,2,...,N), then f(r) =0 and (30) and (32) suggest the substate converge to the average of all valid

active corresponding substates in the network.

IV.Active-Passive Consensus Filters with Time-varying Information Node Roles

A. Proposed Architecture

In this section, we extend the intermediate result in Section III to the actual practical case, where both the
active-passive role of each node and the local observer vectors z;(t), i = 1,2, ..., N are time-varying. However,
owing to the properties of the overall time-varying system, we now consider that at any time moment ¢, for
each substate of the process, there is at least one node that is active and has a valid information on that
substate (that is, there is no completely passive substate at any time moment) as in Ref. 8. For this purpose,

we consider the proposed active-passive consensus filter given by

Bi(t) = —a) (@it) —a;(t) +a Y (&) —&(t) — aki()Mi(zi(t) = z(t)), ©i(0) = zi0,  (33)

&0 = () —50) +o60). &(0) = &o. (34)

where z;(t) € R™, &(t) € R™, z(t) € R™ denote the state, the integral action and the local estimate of
node i, i = 1,..., N respectively. M; is the value of information matrix defined in (5). Moreover, o,y € R
are constant consensus gains. Note that k;(¢) in this section is time-varying and k;(t) € [0,1]. We further
assume that each node can smoothly change back and forth between active and passive role (i.e., k;(¢) is a

smooth function on the interval [0, 1]). We also note again the discussion in Remark 2 here.

B. Stability Analysis

T T
Let o(t) 2 [o7@) «3@) ... «hw] . €0 2 |gw) & ... |, amd @) 2
[z;f(t) () ... z%(t)} T. Similar to (8) and (9), the proposed algorithm (33) and (34) can be rewritten
in the compact form as
i(t) = —aF(t)zt)+v(L(G) @ 1)) + aM(t)C(t), x(0) = xo, (35)
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1) = —y(L(G) @ Lyz(t) —yo€(t), &(0) =&, (36)

where M(t) £ block—diag (ky(t) My, ka(t)Ma, ... kn(t)My) € RN™N1 and F(t) £ (L(G) ® L, + M(t)) €
RN"XNn - Gince M; for all i = 1,2,..., N are diagonal matrices, M(t) is a diagonal matrix for any ¢ > 0.

Similar to (11), we define

lI>

S(t) Ay @L)M(@t)(1y ®1,) € R™*"

k1 ()M + ka(t)Ma + . .. + kn(t) My, (37)

as a diagonal matrix that contains the total weight of all valid active substates of local observer vectors z;(t)
on its diagonal. Note that since we assume at any time moment ¢, for each substate of the process, there is
at least one node that is active and has a valid information on that substate, S(t) is full rank as discussed

in Remark 3; hence, it is invertible. We now let

e(t) £ ST (AL @ L)M(H)((t) € R (38)
be the dynamic average of all valid active substates of local observer vectors z;(t), i = 1,2,..., N in the
network.

Next, we define the error as
5t) & z(t)— (In @e€(t)) € RN, (39)
e(t) £ &)~ %(ﬁ(g) ® L) M(t)w(t) € RV, (40)

where w(t) £ ((1y ®€(t)) —¢(t)) € RY™. Similar to (15) and (14), by taking the time derivative of (39) and
(40), we obtain

o(t) = —aF(1)s(t) +(L(G) @ La)e(t) — %(Lv ® L) (1 @ L)M(w(t) — (Iy ® €(t)), 6(0) = do, (41)
et) = —y(L(G) ®1n)d(t) —yoe(t) — oa(L(G)" ® L) M(t)w(t)

(0%

—;(ﬁ(g)+ ® L) (M(B)w(t) + MH)a(t)), e(0) = eo. (42)

By Lemma 1 and Remark 4, we can further reduce (41) to

5(t) = —aFt)i(t)+v(L(G) @I,)e(t) — (In ®E(L)), 6(0) = do. (43)

Next, define
a(t) = —(ly @), (44)
() £ —oa(L(G)T @L)Mt)w(t) - %(C(g)+ ® L) (M(B)w(t) + M()i(1)). (45)

Since k;(t) is a smooth function on the interval [0, 1], M(t), S(t), S*(t) and M(t) are bounded. In addition,
since z;(t) and %(t) are bounded by assumption, ¢(t) and ((t) are bounded. Consequently, €(t), w(t), é(t),
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and w(t) are bounded. Therefore, ¢;(t) and g2(t) are bounded such as ||g1(¢)||2 < ¢f and ||g2(¢)]l2 < ¢5. (43)

and (42) are now can be rewritten as

n.
—

~
=

—aF (t)6(t) +v(L(G) @ In)e(t) + qu(t), 6(0) = do. (46)
ét) = —(L(9) ®1,)d(t) —yoe(t) + q2(t), €(0) = eo. (47)

Theorem 2. Consider a sensor network with N nodes given by (33) and (34), where nodes exchange
information using local measurements under a connected, undirected graph G. Then, the closed-loop error

dynamics (46) and (47) are uniformly ultimately bounded.

Proof. Consider the Lyapunov function candidate given by (20). By taking time derivative of (20) along
the trajectories of (46) and (47), we obtain

V(5(t),e(t)) —ab () F(£)6(t) + 76" (1)(L(G) ® In)e(t) + 5(t) T qu(t) — e (¢)(L(G) @ 1,,)5(t)
—yoet (t)e(t) +e" (t)ga(t)

—ad () F()3(t) — e’ (He(t) + 6" ()ar(t) + e (H)aa()

< —adT(F()3(t) + 0T (1)qi (t) — yolle(®)]l5 + lle(t)ll2q5
< —ad (O)F#)5(t) + 6 (t)qr(t) — yolle®) 2 (lle(t)]2 — ¢e), (48)
where ¢, = %. Let
H 2 —as () F(0)6(0) + 57 (1) (), (49)
and
su) | [en ]
Y1(t)
O1n(t) on1(t) Y1 (t)
YOy £Jot)=J| | =] o=, (50)
On1(t) I1n(t) VY (t)
: : V(1)
[Onn(t)] [ Onn(t)]

where J is the same permutation matrix discussed in subsection C and d;;(t) indicates the error of substate

j,j=1,2,...,nof node i, i = 1,2,...,N. Note that
DY) (JEIT D) (t) = 6T () JT(JTFIT)Is(t) = 6T () F(t). (51)
Utilize (51) and (44), (49) can be rewritten as
H=—ay T (O)(JFT)Y(t) — () (Ly @ €(t)). (52)
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Note also that

é(t) Inér(t)
JAN@E)=J | | = : , (53)
6(t> 1Nén (t)
where €;(t) for j =1,2,...,n is the j-th substate of ¢(t). By assuming that at any time moment ¢, for each

substate of the process, there is at least one node that is active and has a valid information on that substate,

the structure of JF(¢)JT in (26) shows us that for all » = 1,2,...,n, F,(t) can be rewritten as

L1+ ki(t)my, - Lin
Fo(t) = : : = L(9) + K.(t) (54)
L1 o Lnn +En(t)myy
T
where K,.(t) = diag( [kl(t)mlr kN(t)mNr:| ) with at least one of the element on the diagonal
Bi & ki(t)yms € Ry for some i € Vg. Thus, we can write K,(t) = K, + K,1(t) where K,z =
T
diag([o .0 B 0 ... 0} ), and K,; = K,.(t) — K, is also a diagonal matrix with nonnegative

elements on the diagonal. As a result, we have
Fr(t) = £(g) + KTO + Krl(t) = F’I‘O + KTl(t)v (55)

where F,¢ £ (G) + K, is a positive definite matrix by, for example, Lemma 2 in Ref. 13 or Lemma 3.3 in

Ref. 14. We now can write
JFE()J" = Fo + Mo(t), (56)

where Fy 2  block-diag(Fig, Fbo,...,Fno) is a positive definite matrix and My(t) =
block-diag(K11(t), K21(t),..., Kn1(t)) is a diagonal matrix with nonnegative elements on the diago-

nal. From (56), (52) now becomes

Ho= —ag)" () (Fo+ Mo()(t) — ()] (1n @ é(t))
< —ap T (O F(t) — (1) (Ly ® €(t))
< —edmin(Fo) [l @13 + 1 (t)ll207
< =i (F) [P @ 2([ @2 = ¢5), (57)

where ¢5 = ﬁi(%) with || J(1x®@¢€(t))]l2 = [|[(1n®€(t))||]2 < ¢f. We note here again that ¢ (t) = J(t); that
is, ¥(t) is a permutation of 4(t), and since a vector norm is preserved under permutation, ||t (¢)|l2 = ||6(¢)]|2-

Therefore, % < 0 outside the compact set Q5 £ {(5(¢),e(t)) : | (t)]|l2 < ¢s} = {(8(t), e(t)) : |6()]l2 < b5}
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By combining the result of (48) and (57), we have V(8(t),e(t)) < 0 outside the compact set given by

Q 2 {(6@).e®) : [6@)ll2 < @5} N {(6(t), e(®))  le(®)ll2 < ¢e}- (58)

Consequently, the closed-loop error dynamics given by (46) and (47) are uniformly bounded. |

The following corollary to the above theorem is immediate.

Corollary 1. Consider a sensor network with N nodes given by (33) and (34), where nodes exchange
information using local measurements under a connected, undirected graph G. Then, the ultimately bound of

o(t) fort > T is given by

2 (41) (43)°
||5(t)||2 < azAmin(FO)Q + 720_25 (59)

where qi and ¢4 are the upper bounds of ||q1(t)||3 and ||q2(t)||3 defined in (44) and (45).

Proof. From the proof of Theorem 2, we have V(d(t), e(t)) < 0 outside the compact set Q given by (58).
Therefore, the evolution of V' (§(t), e(t)) is upper bounded by

L
V(.)€ | max  V(6(0).elt)) = 5(03 +02) (60)

Note that £6T(£)6(t) < V(8(t), e(t)), thus (59) is immediate [ |

Remark 6. It should be noted that by definition of q2(t) in (45), the upper bound g5 can be rewritten as
g5 = aqi. As a result, Corollary 1 indicates if the gains o, 7y, and o are chosen properly such that % and
72‘—; are small, then the ultimate bound (59) of §(t) is small when t > T'; and hence, the overall performance
of the sensor network can be improved.

V. Information Validity Monitor Layer

In this section, we present a dynamic average consensus that is parallel to the active-passive consensus
filter in order to monitor the validity of the information (see Figure 1). For this purpose, consider the

dynamics given by

¢(t) = *52 (:(t) — q; (1)) + ﬂz (ri(t) —r;(t)) — B(qi(t) — hi(t)), ¢:(0) = gio, (61)

ri(t) = *MZ (@:(t) = q;(1)), 7i(0) = rin, (62)

where ¢;(t) € R” denotes the information validity vector for node i, i = 1,2,..., N, hi(t) £ k;i(t)m; € R
with m; is the diagonal of the value of information matrix M;, and 3, u € Ry denote the gains.

Note that the structure of (61) and (62) is a special case of (6) and (7), where it becomes a dynamic
average consensus, for which a proof can be found in, for example Refs. 1 and 15 and references therein.

A

Therefore, ¢;(t) is tracking the neighborhood of the dynamic average h(t) £ %h(t) € R™ with h(t) =
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T _
[h?(t) h3(t) ... hL(t)| - Since h(t) is the dynamic average of the k;(t)m; for all i = 1,2,... N, ¢;(t)

provides us the information on the average of active weights of the whole network at each time moment for
each substate of z;(t), i = 1,2,..., N. Therefore, ¢;(t) can be considered as a confidence factor to check the
reliability of the information. For example, the value of a substate of ¢;(t) increases as the number of valid
active corresponding substates of z;(¢) for all ¢ = 1,2,..., N in the whole network increases; that is, the
higher the value of ¢;(¢) is, the more reliable the information is. This point would become more apparent as

illustrated in examples of Section VI.

VI. Discussion and Examples

In this section, we present several numerical examples to illustrate the results given in previous section.

For this purpose, consider a process composed of two subprocesses with the dynamics given by (1), where

0.0150 0 0 0

. 0 —0.0250 0 0
A = block-diag (A, Ag) = . (63)

0 0 —0.0005 0.1000
0 0 —0.2500 0
. A~ |0.0150 0 A~ |—0.0005 0.1000 ) .
with A; = and Ay, = . We consider a sensor network with 4 nodes
0 —0.0250 —0.2500 0

exchange information among each other using their local measurements according to a connected, undirected

ring graph. Each node’s sensing capability is represented by (3) with the output matrices

[ . (64)

e, = [o 10 0} , (65)
[ | (66)
’C4=[o 0 0 1}7 (67)

and hence, for the local observers 'C; = [1 0], 1Cy = [0 1] corresponding to A; and 2C3 = [1 0], 2Cy = [0 1]
corresponding to As. Note that sensors 1, 3, and 4 are Category I sensors since the pair (A;,1Cq) is
detectable, and the pairs (Ag,2C3) and (Asg,2Cy) are observable. On the other hand, the pair (A;,1Cy) is

unobservable, so sensor 2 is a Category III sensor. As a result, the observer structure (4) is only applied to

sensors 1, 3, and 4. For example,

Sl(t) = Alsl(t) + 1L1(y1 - 16'151(15)), (68)

16 of 24

American Institute of Aeronautics and Astronautics



2.0302

where s1(t) € R? and 'L; = . Similarly, for sensors 3 and 4, s3(t), s4(t) € R? and we choose
0

5.3737

2L3 = ) (69)
_3.9039
—1.8052

Ly = . (70)
i 2.4094

As discussed in Section I1.B, after using the local observers to estimate the states of the subprocesses, we

are now able to construct z;(t) € R* such that

at) = [t o o . (71)
20 = [0 wo o 0] . (72)
at) = fo o 1) - (73)
at) = oo T - (74)

Next, we define the value of information matrix for each node. Since the pair (A;,'Cy) is detectable,
sensor 1 can observe the first substate of the process, yet the estimation of second substate of the process
is not so well. Thus, we can choose M; = diag ([2 0.5 0 0]) In the same manner, we choose My =
diag ([o 2 0 OD, M3 = diag ([0 0 2 1}) and M, = diag ([0 0 1 2})

In addition, all nodes are subject to random initial conditions and we set « = 15, v =10, 0 = 0.1, 8 =10
and p = 5. Furthermore, for the transition of k;(t), we use the function k;(t) = e~ when node i is switching
from 1 to 0, and k;(t) = 1 — =% when node i is switching from 0 to 1, where § = 5. The simulations are
run for 100 second. All below examples share the same setup but are different in node roles over time.

Example 1. In this example, the role of each node are fixed over time. Specifically, nodes 1, 2, and 3 are
active (i.e, k1(t) = ka(t) = ks(t) = 1) while node 4 is passive (i.e, k4(t) = 0). Note that this information node
role setup satisfies the assumption in Section IV that for each process’s substate, there is at least one node
that is active and has a valid information on that substate. Figure 2 shows the performance of the sensor
networks under the proposed active-passive consensus filter given by (33) and (34), where nodes quickly
converge to consensus and are able to closely estimate the process states. In addition, Figure 3 shows the
result of the information validity monitor layer given by (61) and (62). Since the information node role setup
in this example is fixed, the information validity vectors converge to constants. As can be seen, for example,
in the bottom plot of Figure 3, the information validity vector of the process’ fourth substate converges to a
low value due to the fact that node 4, which can directly senses this substate, is passive and the information
in this substate is obtained only from the local observer of node 3.

Example 2. In this example, the role of each node varies over time. For the first 25 seconds, nodes 1
and 4 are active (i.e, k1(t) = k4(¢t) = 1 and ka(t) = k3(t) = 0); for ¢ € (25,50], nodes 1 and 3 are active;
for t € (50, 75], all 4 nodes are active; for ¢ € (75,100], nodes 1, 2 and 3 are active. This information node
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Figure 2. State estimates of the sensor network with four nodes in a connected, undirected ring graph in
Example 1 under the proposed active-passive consensus filter architecture (33) and (34) (the dash lines denote
the states of the actual process and the solid lines denote the state estimates of nodes).
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Figure 3. The evolution of information validity vector of the sensor network with four nodes in a connected,
undirected ring graph in Example 1 under the monitor layer given by (61) and (62).

role configuration satisfies the assumption in Section IV that for each process’s substate, there is at least
one node that is active and has a valid information on that substate. Figure 4 shows the performance of
the sensor networks under the proposed active-passive consensus filter given by (33) and (34), where nodes
quickly converge to consensus and are able to closely estimate the process states. In addition, Figure 5 shows
the result of the information validity monitor layer given by (61) and (62). Since the information node roles
change with respect to time in this example, the information validity vectors converge to different values over

time. For example, for the first 50 seconds, the value of the information validity vectors ¢;2(¢) on the second
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Figure 4. State estimates of the sensor network with four nodes in a connected, undirected ring graph in
Example 2 under the proposed active-passive consensus filter architecture (33) and (34) (the dash lines denote
the states of the actual process and the solid lines denote the state estimates of nodes).
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Figure 5. The evolution of information validity vector of the sensor network with four nodes in a connected,
undirected ring graph in Example 2 under the monitor layer given by (61) and (62).

substate of the process is small since the information on this substate is obtained from the local observer of
node 1, which has the weight of 0.5 only. For the last 50 seconds, the value of g;2(t) has increased since node
2 becomes active and adds more validity on the information.

Example 3. In this example, the role of each node varies over time such that for the first 25 second,
nodes 2 and 4 are active (i.e, ka(t) = k4(t) = 1 and k1(t) = k3(t) = 0); for t € (25,50], nodes 3 and 4 are
active; for ¢t € (50,75], all 4 nodes are active; for ¢ € (75,100], nodes 1 and 2 are active. This information

node role configuration indeed violates the assumption in Section I'V that for each process’s substate, there is
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at least one node that is active and has a valid information on that substate. In fact, this configuration allows
some substates becomes completely passive at some time instants, and it can be another important practical
case. For example, if the process of interest represents multiple targets with each subprocess corresponding
to a target, then at any time instant, a target can or can not be observed by the sensor network.

Figure 6 shows the performance of the sensor networks under the proposed active-passive consensus filter
given by (33) and (34), where nodes quickly converge to consensus and are able to closely estimate the
actual value if that particular process substate can be observed by at least one node (i.e., at least one node
is active and has valid information on that substate). By utilizing the information validity monitor layer
given by (61) and (62), one can monitor if the information of a substate is valid or not (that is, if ¢;;(¢) = 0,
then the substate j is completely passive, and thus the information is invalid and not reliable) as shown in
Figure 7. It can be seen that, for example, during the first 50 seconds the first substate of the process is
not observable (i.e., completely passive), and hence the information from the sensors on this substate is not
valid. Another example is that during the last 25 seconds, the third and fourth substates of the process
are completely passive (see Figure 7) and the corresponding substates obtained from the sensor network are
constants during this time period as seen in Figure 6. As discussed in Remark 5 of Section III, completely
passive substates still result in nodes reaching consensus, yet the information is invalid. Note that at time
t = 75 seconds, the nodes’ estimates already reached the consensus, thus when these substates becomes
completely passive, the sensors retains the last values they sense from the process until at least one of the
sensor becomes active and has valid information on these substates.

Intuitively, from the analysis in Section III, we expect that when extending the architecture (6) and (7)
to the time-varying case, that is, the proposed active-passive consensus filter in Section IV given by (33) and
(34), the sensor networks can converge to the null space of F(¢t). However, without the assumption in Section
IV (that is, for each process’s substate, there is at least one node that is active and has a valid information
on that substate), at each time instant F(¢) can be either positive definite or nonnegative definite, and
hence, the null space of F(t) is time-varying as well. Utilizing Lyapunov analysis in this case is a good and

challenging future research direction to the authors.

VII. Conclusion

This paper contributed to the previous studies in heterogeneous sensor networks through proposing a
dynamic information fusion framework for sensor networks with the integration of local observers, value
of information, active-passive consensus filters, and a layer to monitor the validity of information. The
proposed framework considered a process of interest with multiple subprocesses and the sensor network
that allows nodes with heterogeneous modalities, heterogeneous information node roles, and heterogeneous
quality of information. In addition, the extra layer allows operators to evaluate the reliability of the fused
information based on the local feedbacks received from the sensor network. In addition to the presented
theoretical algorithms, illustrative examples had shown the efficacy of the proposed structure and prompted

a discussion on the practical aspects when relaxing some certain assumptions.
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Figure 6. State estimates of the sensor network with four nodes in a connected, undirected ring graph in
Example 3 under the proposed active-passive consensus filter architecture (33) and (34) (the dash lines denote
the states of the actual process and the solid lines denote the state estimates of nodes).
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Figure 7. The evolution of information validity vector of the sensor network with four nodes in a connected,
undirected ring graph in Example 3 under the monitor layer given by (61) and (62).

Appendix

A. Mathematical Preliminaries

The notation used in this paper is fairly standard. Specifically, Z, denotes the set of positive integer
numbers, R, denotes the set of positive real numbers, R denotes the set of n x 1 real column vectors, R™*™
denotes the set of n x m real matrices, R}™" (resp., @ixn) denotes the set of n x n positive-definite (resp.,

nonnegative definite) real matrices, 1,, denotes the n x 1 vector of all ones, and I,, denotes the n x n identity
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matrix. In addition, we write ()T for transpose, (-)* for generalized inverse, Apin(A) and Apax(A) for the
minimum and maximum eigenvalue of the symmetric matrix A, respectively, A;(A) for the i-th eigenvalue of
A where A is symmetric and the eigenvalues are ordered from least to greatest value, block—diag(Ay, ..., A,)
for the block diagonal matrix with Aq,..., A, are square matrices lying along the diagonal and all other
entries of the matrix equal 0, diag(a) for the diagonal matrix with the vector a on its diagonal, [z]; for the
entry of the vector « on the i-th row, and A;; for the entry of the matrix A on the i-th row and j-th column.
In addition, for A € R™*™ R(A) denotes the range of A, rank(A) denotes the rank of A, N'(A) denotes the
null space of A, def(A) £ dim N (A) denotes the defect of A.

Next, we recall some basic notions from graph theory and refer to textbooks Refs. 16 and 17 for details.
Specifically, an undirected graph G is defined by a set Vg = {1,..., N} of nodes and a set &g C Vg x Vg
of edges. If (i,7) € &g, then the nodes i and j are neighbors and the neighboring relation is indicated with
i ~ j. The degree of a node is given by the number of its neighbors. Letting d; be the degree of node 1,
then the degree matrix of a graph G, D(G) € RV*N is given by D(G) £ diag(d), d = [dy,...,dn]T. A
path igéy ...41 is a finite sequence of nodes such that i1 ~ i, k = 1,..., L, and a graph G is connected
if there is a path between any pair of distinct nodes. The adjacency matrix of a graph G, A(G) € RV*N
is given by [A(G)];; = 1if (i,7) € & and [A(G)];; = 0 otherwise. The Laplacian matrix of a graph,
L(G) € @ZXN, playing a central role in many graph-theoretic treatments of sensor networks, is given by
L(G) 2 D(G)—A(G). The spectrum of the Laplacian of an undirected and connected graph can be ordered as
0=XA(L(G)) <A2(L(G)) <--- < AN(L(G)) with 1 as the eigenvector corresponding to the zero eigenvalue
A (£(G)) and £L(G)1x = Oy and €91y = 1. Here, we assume that the graph G of a given sensor network
is undirected and connected.

The following lemmas are necessary for the main results of this paper.
Lemma A.1 [Lemma 3, 18]. The Laplacian of a connected, undirected graph satisfies L(G)LT(G) =
Iy — +1n51%
Lemma A.2 [Fact 2.10.12, 19]. Let A € R™*™ and B € R™*!. Then, rank(AB) = rank(A) if and only
if R(AB) = R(A).
Lemma A.3 [Fact 6.4.43, 19]. Let A € R"*™ and B € R"*!. Then, R(A) C R(B) if and only if
BBTA = A.

Lemma A.4 [Theorem 2.4.3, 19]. Let A € R"*™ then N(A) = N(ATA).

B. Proof of Lemma 1

Let H £ (1§ ®1,,), then (12) becomes

e = STHM(= (HMHT)+HMC. (75)
It should be noted that
AL L )M(Ay®e) = HM(1ly @e€) = Se. (76)
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Utilize (75) and (76), the left hand side of (16) can be rewritten as

1% @ L)Muw

1y @ L)M((1y ®€) =)

= HM(Any®e)— HM(

= Se— HM(

= (HMHY)YHMHY)YTHM¢ — HMC

= (HMH"YHMH")Y*HM — HM)(

= R, (77)

where R £ (HMH")(HMH")*HM — HM).

The matrix HM can be rewritten as

HM = [klM1 koMy ... k:NMN}
= [kl diag(my) ko diag(ms) ... kn diag(mN)} e RMN™, (78)
We now define m = kymy + kamg + ... + kymy, and note that N > 1. Clearly, rank(HM) < n. In
addition, since elements of m; for ¢ = 1,..., N are nonnegative and the column vectors of H M are multiples

of e, ea,...,e, where ¢; is the unit vector with the j-th element is 1 and 0 otherwise, m only obtains an 0

element when HM has a zero row. Therefore,

rank(HM) = number of positive elements in m

= n — (number of 0 elements in m). (79)

Similarly, S can be rewritten as

S = diag(k‘lml + komo +...+kNmN)
= diag(m). (80)
Hence, it follows directly that
rank(S) = number of positive elements in m
= n — (number of 0 elements in 7). (81)
From (79) and (81), we have
rank(HM) = rank(S) = rank(HMHT). (82)

Utilize (82) and the result of Lemma A.2 with A2 HM and B 2 H™, we obtain

R(HM) = R(S) = R(HMH™). (83)
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Therefore, it now follows directly from Lemma A.3 that
(HMHY)YHMH")THM = HM, (84)

or R=0. As a result, (16) is now immediate. |
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